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Abstract
This paper is concerned with compactness for some topologies on the collection of bounded linear
operators on Banach spaces. New versions of the Eberlein–Šmulian theorem and Day’s lemma in
the collection are established. Also we obtain a partial solution of the dual problem for the quasi
approximation property, that is, it is shown that for a Banach space X if X∗∗ is separable and X∗ has
the quasi approximation property, then X has the quasi approximation property.
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1. Introduction and main results
In topological spaces, compactness is a fundamental property. Many mathematicians
have obtained important results for compactness including Stefan Banach, Leonidas
Alaoglu, Robert C. James, William F. Eberlein, and Vitold L. Šmulian who were inter-
ested in weak and weak∗ compactness. They proved:
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in X∗ is weak∗ compact.
The James’s Weak Compactness Theorem. [10] Suppose that A is a weakly closed subset
of a Banach space X. Then the following are equivalent.
(a) A is weakly compact.
(b) For every x∗ ∈ X∗ the supremum of |x∗| is attained on A.
The Eberlein–Šmulian Theorem. [8,15] Let A be a subset of a normed space. Then the
following are equivalent.
(a) A is weakly compact.
(b) A is weakly countably compact.
(c) A is weakly limit point compact.
(d) A is weakly sequentially compact.
For concrete proofs of above results one may see ([14, Theorems 2.6.18, 2.9.3, 2.8.6],
[7, Theorems V.4.2, V.6.1], [6, pp. 13, 18]). The purpose of this paper is to obtain new ver-
sions of the Eberlein–Šmulian theorem for some topologies on the collection of bounded
linear operators on separable Banach spaces and to give a new version of Day’s lemma in
the collection. Also we obtain applications of some weak versions of the approximation
property.
Now we introduce some important topologies on the collection of bounded linear oper-
ators on Banach spaces. Throughout this paper we denote the collection of bounded linear
operators on a Banach space X by B(X).
At first, we introduce two topologies generated by subspaces of the vector space of all
linear functionals on B(X).
Definition 1.1. Let X be a Banach space. Let Z be the linear span of all linear functionals
f on B(X) of the form f (T ) = x∗T x for x ∈ X and x∗ ∈ X∗. Then the weak operator
topology (in short, wo) on B(X) is the topology generated by Z .
We can check that wo is a locally convex topology and the basic neighborhoods of wo
is
B(T ;A,B, ) = {R ∈ B(X): |x∗Rx − x∗T x| < , x ∈ A, x∗ ∈ B},
where A and B are arbitrary finite sets in X and X∗, respectively, and  > 0 is arbitrary. We
can easily check that wo is a T0 space. So wo is completely regular since every T0 vector
topology is completely regular. Also for a net (Tα) ⊂ B(X) and T ∈ B(X)
Tα → T in
(B(X),wo) ⇔ for each x ∈ X and x∗ ∈ X∗ x∗Tαx → x∗T x.
(1.1)
We say that a topological space has the second countability axiom if the space has a
countable base for the topology. For wo we have the following theorem (see Section 3 for
proofs).
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subset of B(X), then the relative wo-topology of A has the wo-second countability axiom
and is metrizable.
From Theorem 1.2 for separable case we get the following weak operator topology
version of the Eberlein–Šmulian theorem.
Corollary 1.3. Let X be a Banach space such that X∗ is separable and let A be a subset
of B(X). Then the following are equivalent.
(a) A is wo-compact.
(b) A is wo-countably compact.
(c) A is wo-limit point compact.
(d) A is wo-sequentially compact.
Proof. Note that in any topological spaces compactness implies countable compactness,
countable compactness implies limit point compactness, and sequential compactness im-
plies limit point compactness. In Section 2 we will see that wo-limit point compact is
bounded and so is wo-bounded. Hence by Theorem 1.2 we complete the proof. 
We say that a topological space is Lindelöf if every open covering for the space con-
tains a countable subcovering. Note that the second countability axiom imply Lindelöf and
separability. Hence by Theorem 1.2 we have the following conclusions.
Corollary 1.4. Let X be a Banach space such that X∗ is separable. Then B(X) is wo-
separable.
Proof. Let B(0;n) be the ball in B(X) with center 0 and radius n for each n. Then by
Theorem 1.2 (B(0;n), the relative wo-topology of B(0;n)) has a countable dense subset
{Tn,m}m∈N for each n. Consider {Tn,m}(n,m)∈N×N. Then clearly {Tn,m}(n,m)∈N×N is a wo-
dense subset of B(X). Hence B(X) is wo-separable.
Corollary 1.5. Let X be a Banach space such that X∗ is separable. If A is a wo-bounded
subset of B(X), then A is wo-Lindelöf.
For nonseparable case we have:
Theorem 1.6. Let X be a Banach space. IfA is a relatively weakly compact subset of B(X)
and T ∈Awo, then there is a sequence (Tn) in A such that (Tn) weakly converges to T .
Definition 1.7. Let X be a Banach space. Let Z be the linear span of all linear functionals
f on B(X) of the form f (T ) = x∗∗T ∗x∗ for x∗ ∈ X∗ and x∗∗ ∈ X∗∗. Then the weak∗
operator topology (in short, w∗o) on B(X) is the topology generated by Z .
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is
B(T ;A,B, ) = {R ∈ B(X): |x∗∗R∗x∗ − x∗∗T ∗x∗| < , x∗ ∈ A, x∗∗ ∈ B},
where A and B are arbitrary finite sets in X∗ and X∗∗, respectively, and  > 0 is arbitrary.
We can see w∗o wo. So w∗o is a T0 space since wo is a T0 space. Thus w∗o is completely
regular since every T0 vector topology is completely regular. Also for a net (Tα) ⊂ B(X)
and T ∈ B(X)
Tα → T in
(B(X),w∗o) ⇔ for each x∗ ∈ X∗ and x∗∗ ∈ X∗∗
x∗∗T ∗α x∗ → x∗∗T ∗x∗. (1.2)
For w∗o we have the following theorem.
Theorem 1.8. Let X be a Banach space such that X∗∗ is separable. If A is a w∗o-bounded
subset of B(X), then the relative w∗o-topology ofA has the w∗o-second countability axiom
and is metrizable.
As the weak operator topology we have the following corollaries.
Corollary 1.9. Let X be a Banach space such that X∗∗ is separable and let A be a subset
of B(X). Then the following are equivalent.
(a) A is w∗o-compact.
(b) A is w∗o-countably compact.
(c) A is w∗o-limit point compact.
(d) A is w∗o-sequentially compact.
Corollary 1.10. Let X be a Banach space such that X∗∗ is separable. Then B(X) is w∗o-
separable.
Corollary 1.11. Let X be a Banach space such that X∗∗ is separable. If A is a w∗o-
bounded subset of B(X), then A is w∗o-Lindelöf.
For some results for the weak operator topology and the weak∗ operator topology one
may see Kalton [11].
Now we introduce two topologies on B(X) generated by some subbases. The following
topology is also called the topology of pointwise convergence.
Definition 1.12. Let X be a Banach space. For x ∈ X,  > 0, and T ∈ B(X) we put
B(T ,x, ) = {R ∈ B(X): ‖Rx − T x‖ < }.
Let S be the collection of all such B(T ,x, )’s. Then the strong operator topology (in
short, sto) on B(X) is the topology generated by S .
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T ∈ B(X)
Tα → T in (B(X), sto) ⇔ for each x ∈ X ‖Tαx − T x‖ → 0. (1.3)
We can easily check that sto is a T0 space. So sto is completely regular since every T0
vector topology is completely regular.
For sto we have the following theorem.
Theorem 1.13. Suppose that X is a separable Banach space and let A be a sto-bounded
subset of B(X). Then the relative sto-topology of A has the sto-second countability axiom
and is metrizable.
As the weak operator topology we have the following corollaries.
Corollary 1.14. Suppose that X is a separable Banach space and let A be a subset of
B(X). Then the following are equivalent.
(a) A is sto-compact.
(b) A is sto-countably compact.
(c) A is sto-limit point compact.
(d) A is sto-sequentially compact.
Corollary 1.15. Suppose that X is a separable Banach space. Then B(X) is sto-separable.
Corollary 1.16. Suppose that X is a separable Banach space. If A is a sto-bounded subset
of B(X), then A is sto-Lindelöf.
The following topology is also called the topology of compact convergence.
Definition 1.17. Let X be a Banach space. For compact K ⊂ X,  > 0, and T ∈ B(X) we
put
B(T ,K, ) =
{
R ∈ B(X): sup
x∈K
‖Rx − T x‖ < 
}
.
Let S be the collection of all such B(T ,K, )’s. Then the τ -topology (in short, τ ) on B(X)
is the topology generated by S .
We can check that τ is a locally convex topology and for a net (Tα) ⊂ B(X) and for
T ∈ B(X)
Tα → T in (B(X), τ ) ⇔ for each compact K ⊂ X sup
x∈K
‖Tαx − T x‖ → 0.
(1.4)
We can see τ  sto. So τ is a T0 space since sto is a T0 space. Thus τ is completely regular
since every T0 vector topology is completely regular.
For τ we have the following theorem.
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subset of B(X). Then the relative τ -topology of A has the τ -second countability axiom
and is metrizable.
As the weak operator topology we have the following corollaries.
Corollary 1.19. Suppose that X is a separable Banach space and let A be a subset of
B(X). Then the following are equivalent.
(a) A is τ -compact.
(b) A is τ -countably compact.
(c) A is τ -limit point compact.
(d) A is τ -sequentially compact.
Corollary 1.20. Suppose that X is a separable Banach space. Then B(X) is τ -separable.
Corollary 1.21. Suppose that X is a separable Banach space. If A is a τ -bounded subset
of B(X), then A is τ -Lindelöf.
Note that for a net (Tα) ⊂ B(X) and T ∈ B(X)
Tα → T in (B(X), the weak topology)
⇔ for each f ∈ (B(X), the operator norm topology)∗ f (Tα) → f (T )
and the weak topology on B(X) is completely regular. Thus by (1.1) and (1.2)
the operator norm topology  the weak topology  w∗o wo. (1.5)
Also by (1.1), (1.3), and (1.4)
the operator norm topology  τ  sto wo. (1.6)
From Theorem 1.6, (1.5), and (1.6) we have the following corollaries. Corollary 1.22 is
the Day’s lemma ([5, Theorem 3.2.4], [14, Lemma 2.8.5]) in B(X).
Corollary 1.22. Let X be a Banach space. If A is a relatively weakly compact subset of
B(X) and T ∈ Aweak ⊂ Aw∗o ⊂ Awo, then there is a sequence (Tn) in A such that (Tn)
weakly converges to T .
Corollary 1.23. Let X be a Banach space. If A is a relatively weakly compact subset of
B(X) and T ∈Aτ ⊂Asto ⊂Awo, then there is a sequence (Tn) in A such that (Tn) weakly
converges to T .
Corollary 1.24. Let X be a Banach space and let A be a relatively weakly compact subset
of B(X). ThenA is wo-closed (respectively w∗o-closed) if and only ifA is wo-sequentially
closed (respectively, w∗o-sequentially closed).
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is a sequence (Tn) in A such that (Tn) weakly converges to T . By (1.5) (Tn) wo-converges
to T . Since A is wo-sequentially closed, T ∈A. Hence A is wo-closed. The proof of the
another part of the corollary is similar. 
The proofs of above theorems are represented in Section 3, and in Section 4 we apply
Theorem 1.8 to weak versions of the approximation property.
2. Some properties of wo, w∗o, sto, and τ
We say that a subset B of a topological vector space is bounded with respect to that
topology if, for each neighborhood U of 0, there is a sU > 0 such that B ⊂ tU whenever
t > sU . Note that if X is a topological vector space with a topology that is generated by a
subspace Z of the vector space of all linear functionals on X, then for a subset B of X
B is bounded with respect to that topology
⇔ sup
x∈B
∣∣f (x)∣∣ is finite for each f ∈Z. (2.1)
Proposition 2.1. Let X be a Banach space and let A be a subset of B(X). Then the follow-
ing are equivalent.
(a) A is bounded.
(b) A is τ -bounded.
(c) A is sto-bounded.
(d) A is weakly bounded.
(e) A is w∗o-bounded.
(f) A is wo-bounded.
Proof. By (1.5) and (1.6) it is enough to show (f) ⇒ (a). Now let x ∈ X and consider
{QX(T x): T ∈A}, where QX is the natural map from X into X∗∗. SinceA is wo-bounded,





|x∗T x| < ∞.
By the uniform boundedness principle
sup
T ∈A
‖T x‖ = sup
T ∈A
∥∥QX(T x)∥∥< ∞.
Again by the uniform boundedness principle
sup
T ∈A
‖T ‖ < ∞.
Hence A is bounded. 
Proposition 2.2. Let X be a Banach space. Then every wo-limit point compact subset A of
B(X) is bounded.
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is finite for each x ∈ X and x∗ ∈ X∗. Now suppose that A is unbounded. Then A is wo-
unbounded by Proposition 2.1. So there are x ∈ X and x∗ ∈ X∗ such that supT ∈A |x∗T x| is
infinite. Then there is a sequence (Tn) ⊂A such that |x∗Tn+1x| |x∗Tnx| + 1 for each n.
SinceA is wo-limit point compact, there is a T ∈A such that T is a wo-limit point of {Tn}.
Then a neighborhood {S ∈ B(X): |x∗Sx − x∗T x| < 1/2} of T must contain elements Tn0 ,
Tn1 of {Tn} with n0 < n1. Thus the triangle inequality says∣∣x∗Tn1x∣∣− ∣∣x∗Tn0x∣∣< 1.
This is a contradiction, which gives a proof of the proposition. 
By (1.5) and (1.6) we have the following corollary.
Corollary 2.3. Let X be a Banach space. Then every weak limit (respectively, τ -limit,
sto-limit, and w∗o-limit) point compact subset of B(X) is bounded.
Lemma 2.4. Let F be a finite-dimensional subspace of B(X) and M > 1. Then there are
finite subsets FM , F ∗M of BX and BX∗ , respectively, such that
‖T ‖M max{|x∗T x|: x ∈ FM,x∗ ∈ F ∗M}
for each T ∈F .






Ti; M − 12M
)
,
for each B(Ti; M−12M ) an open ball with center Ti and radius M−12M . Since (M + 1)/2M < 1,
there are subsets {xi}ni=1, {x∗i }ni=1 of BX and BX∗ , respectively, such that
∣∣x∗i Tixi∣∣> M + 12M
for i = 1, . . . , n. Let FM = {xi}ni=1 and F ∗M = {x∗i }ni=1 and let T ∈ SF . Then there is a i
such that
‖T − Ti‖ < M − 12M .









So max{|x∗T x|: x ∈ FM,x∗ ∈ F ∗M} > 1/M . By linearity we have
‖T ‖M max{|x∗T x|: x ∈ FM,x∗ ∈ F ∗M}
for each T ∈F . 
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Now we prove main theorems. The proofs of Theorems 1.2 and 1.8 are essentially the
same. So we only prove Theorem 1.8.
Proof of Theorem 1.8. Let {x∗n} and {x∗∗m } be countable dense subsets of X∗ and X∗∗,
respectively. We may assume x∗n 
= 0 and x∗∗m 
= 0 for all n and m and let y∗n = x∗n/‖x∗n‖
and y∗∗m = x∗∗m /‖x∗∗m ‖ for each n and m. Let the map ϕ :A→ FN×N be defined by
ϕ(T ) = (y∗∗m T ∗y∗n)(y∗n,y∗∗m )∈{y∗n}×{y∗∗m }.
If T ,S ∈A with T 
= S, then T ∗ 
= S∗ and so there is a x∗0 ∈ X∗ such that T ∗x∗0 
= S∗x∗0 .
Thus there is a x∗n0 such that T
∗x∗n0 
= S∗x∗n0 since {x∗n} is dense in X∗. So there is a x∗∗0 ∈
X∗∗ such that x∗∗0 T ∗x∗n0 
= x∗∗0 S∗x∗n0 . Thus there is a x∗∗m0 such that x∗∗m0T ∗x∗n0 
= x∗∗m0S∗x∗n0
since {x∗∗m } is dense in X∗∗. By linearity y∗∗m0T ∗y∗n0 
= y∗∗m0S∗y∗n0 . This shows that ϕ is one-
to-one. Now let (Tα) be a net inA and T ∈A and suppose y∗∗m T ∗α y∗n → y∗∗m T ∗y∗n for each n
and m. Then by linearity x∗∗m T ∗α x∗n → x∗∗m T ∗x∗n for each n and m. Recall thatA is bounded
by Proposition 2.1. So let M = supR∈A ‖R‖, and assume x∗ ∈ X∗, x∗∗ ∈ X∗∗ with x∗ 
= 0
and x∗∗ 









Then there is a x∗∗m0 ∈ {x∗∗m } such that ‖x∗∗−x∗∗m0‖ < δ. Let x∗n0 ∈ {x∗n} satisfies ‖x∗−x∗n0‖ <




Now by the triangle inequality α  β implies∣∣x∗∗T ∗α x∗ − x∗∗T ∗x∗∣∣

∥∥x∗∗ − x∗∗m0
∥∥∥∥T ∗α ∥∥‖x∗‖ + ∥∥x∗∗m0
∥∥∥∥T ∗α ∥∥∥∥x∗ − x∗n0
∥∥+ ∣∣x∗∗m0T ∗α x∗n0 − x∗∗m0T ∗x∗n0
∣∣
+ ∥∥x∗∗m0
∥∥∥∥T ∗∥∥∥∥x∗n0 − x∗
∥∥+ ∥∥x∗∗m0 − x∗∗
∥∥∥∥T ∗∥∥‖x∗‖ < .
Thus x∗∗T ∗α x∗ → x∗∗T ∗x∗ for each x∗ ∈ X∗ and x∗∗ ∈ X∗∗. We have shown that Tα → T
in (B(X),w∗o) if and only if ϕ(Tα) → ϕ(T ) in the product topology. Hence ϕ is a w∗o-
to-pro homeomorphism from (A, the relative w∗o-topology of A in B(X)) onto (ϕ(A),
the relative pro-topology of ϕ(A) in FN×N), where pro means the product topology. Note
that FN×N satisfies the pro-second countability axiom since FN×N is a countable product
of spaces satisfying the second countability axiom. Thus the relative pro-topology of ϕ(A)
has the second countability axiom. Hence the relative w∗o-topology of A has the second
countability axiom.




|y∗∗m (T − S)∗y∗n |
2n+m
.
Since ϕ is one-to-one, d(T ,S) = 0 if and only if T = S. Clearly d(T ,R)  d(T ,S) +
d(S,R) for T ,S,R ∈A. Thus d is a metric, moreover, for α ∈ F d(αT ,αS) = |α|d(T ,S).
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x∗∗ ∈ X∗∗ if and only if y∗∗m T ∗α y∗n → y∗∗m T ∗y∗n for each n and m. Since A is bounded,
we can check that Tα → T in (B(X), the relative w∗o-topology of A) if and only if
d(Tα,T ) → 0. Hence the relative w∗o-topology of A is induced by the metric d . 
Proof of Theorem 1.13. Let {xn} be a countable dense subset of X. We may assume
xn 
= 0 for each n and let yn = xn/‖xn‖ for each n. Let the map ϕ :A→ XN be defined by
ϕ(T ) = (T yn)yn∈{yn}.
As in the proof of Theorem 1.8, we can check that ϕ is a sto-to-pro homeomorphism from
(A, the relative sto-topology of A in B(X)) onto (ϕ(A), the relative pro-topology of ϕ(A)
in XN), where pro means the product topology. Since X is a separable metric space, X sat-
isfies the second countability axiom. Thus XN satisfies the pro-second countability axiom
since XN is a countable product of spaces satisfying the second countability axiom. Thus
the relative pro-topology of ϕ(A) has the second countability axiom. Hence the relative
sto-topology of A has the second countability axiom.







Then as in the proof of Theorem 1.8, d is a metric and for α ∈ F d(αT ,αS) = |α|d(T ,S),
and for a net (Tα) in A, T ∈A, we can check that Tα → T in (B(X), the relative sto-
topology ofA) if and only if d(Tα,T ) → 0. Hence the relative sto-topology ofA is induced
by the metric d . 
Proof of Theorem 1.18. By Proposition 2.1 it is enough to show that the relative
τ -topology and the relative strong operator topology of bounded subsets of B(X) are the
same. Now letA be a bounded subset of B(X). Since sto τ , we only show τ  sto onA.
Since A is bounded, supT ∈A ‖T ‖  λ for some λ > 0. Let (Tα) ⊂ A be a net and T ∈A
with Tα → T in (B(X), sto). Let K ⊂ X a compact and  > 0. Then there is a finite F ⊂ K
such that whenever x ∈ K we have
‖x − y‖ < 
3λ
for some y ∈ F . Since Tα → T in (B(X), sto), there is a β such that α  β implies ‖Tαy −
Ty‖ < /3 for every y ∈ F . Now let x ∈ K . Then there is a y ∈ F such that ‖x − y‖ <
/3λ. Thus by the triangle inequality α  β implies
‖Tαx − T x‖ < .
Hence Tα → T in (B(X), τ ). This completes the proof. 
The proof of Theorem 1.6 is essentially the proof of Day’s lemma ([5, Theorem 3.2.4],
[14, Lemma 2.8.5]).
Proof of Theorem 1.6. We may assume T /∈ A and considering −T +A, then we may
assume T = 0. Now we show the following statement. For each n there are {Ti}n+1 ⊂A,i=1
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the following hold:
‖T ‖ 2 max{|x∗T x|: x ∈ Fn,x∗ ∈ F ∗n } for each T ∈ 〈{Ti}ni=1〉, (3.1)
max
{∣∣x∗Tn+1x∣∣: x ∈ Fn,x∗ ∈ F ∗n }< 1n + 1 . (3.2)
Let T1 ∈A. Then there are x1 ∈ BX and x∗1 ∈ BX∗ such that
∣∣x∗1T1x1∣∣ 12‖T1‖.
Let F1 = {x1} and F ∗1 = {x∗1 }. Then (3.1) holds. Since {T ∈ B(X): |x∗1T x1| < 12 } is a wo-
neighborhood of 0, there is a T2 ∈A\{T1} such that
T2 ∈
{
T ∈ B(X): ∣∣x∗1T x1∣∣< 12
}
.
So (3.2) holds. Now suppose that there are finite subsets Fn, F ∗n of BX and BX∗ , respec-
tively, and {Ti}n+1i=1 ⊂A such that (3.1) and (3.2) hold. By Lemma 2.4 there are finite sub-
sets Fn′, F ∗n ′ of BX and BX∗ , respectively, such that ‖T ‖ 2 max{|x∗T x|: x ∈ Fn′, x∗ ∈
F ∗n ′} for each T ∈ 〈{Ti}n+1i=1 〉. Let Fn+1 = Fn ∪ Fn′ and F ∗n+1 = F ∗n ∪ F ∗n ′. Then we have
‖T ‖ 2 max{|x∗T x|: x ∈ Fn+1, x∗ ∈ F ∗n+1}
for each T ∈ 〈{Ti}n+1i=1 〉. Thus (3.1) holds, Fn ⊂ Fn+1, and F ∗n ⊂ F ∗n+1. Since {T ∈
B(X): |x∗T x| < 1/(n + 2), x ∈ Fn+1, x∗ ∈ F ∗n+1} is a wo-neighborhood of 0, there is
a Tn+2 ∈A \ {Ti}n+1i=1 such that
Tn+2 ∈
{
T ∈ B(X): |x∗T x| < 1
n + 2 , x ∈ Fn+1, x
∗ ∈ F ∗n+1
}
.
Thus (3.2) holds. By induction, for all n (3.1) and (3.2) hold, and Fn ⊂ Fn+1, and F ∗n ⊂
F ∗n+1. Let D =
⋃




n . Then ‖T ‖ 2 sup{|x∗T x|: x ∈ D,x∗ ∈ D∗} for
each T ∈ 〈{Tn}〉. Thus
‖T ‖ 2 sup{|x∗T x|: x ∈ D,x∗ ∈ D∗}
for each T ∈ [{Tn}]. SinceA is relatively weakly compact, alsoA is relatively weakly limit
point compact. Thus {Tn} has a weak limit point S. Since S ∈ {Tn}weak ⊂ 〈{Tn}〉weak =
[{Tn}], ‖S‖  2 sup{|x∗Sx|: x ∈ D,x∗ ∈ D∗}. Now let x0 ∈ D, x∗0 ∈ D∗, and  > 0.
Since S ∈ {Tn}weak ⊂ {Tn}wo, {T ∈ B(X): |x∗0T x0 −x∗0Sx0| < /2} contain infinitely many
members of {Tn}. By (3.2) there is a n0 such that
max
{∣∣x∗Tn0+1x∣∣: x ∈ Fn0, x∗ ∈ F ∗n0}< 2 , x0 ∈ Fn0 , x∗0 ∈ F ∗n0, and
Tn0+1 ∈
{
T ∈ B(X): ∣∣x∗0T x0 − x∗0Sx0∣∣< 2
}
.
Thus |x∗0Sx0| <  by the triangle inequality. Since  is arbitrary then x∗0Sx0 = 0, that is,
x∗Sx = 0 for all x ∈ D and x∗ ∈ D∗. Since ‖S‖ 2 sup{|x∗Sx|: x ∈ D,x∗ ∈ D∗}, S = 0.
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to 0. Then there is a weak neighborhood U of 0 and subsequence (Tnk ) of (Tn) such that
(Tnk ) ⊂ B(X)\U . SinceA is relatively weakly limit point compact, (Tnk ) has a weak limit
point R but R 
= 0. Since (Tnk ) ⊂ (Tn), R is a weak limit point of (Tn). So R must be
zero, which is a contradiction. Thus (Tn) weakly converges to 0. Hence (Tn) is a desired
sequence, which proves the theorem. 
4. Applications
Throughout this section, we will use the following notations:
F(X): The collection of bounded and finite rank linear operators on X.
F(X,λ): The collection of bounded and finite rank linear operators on X satisfying
‖T ‖ λ.
K(X): The collection of compact operators on X.
We say that a Banach space X has the approximation property (in short, AP) if for every
compact set K ⊂ X and every  > 0, there is a T ∈ F(X) such that ‖T x − x‖ <  for all
x ∈ K .
Grothendieck [9] showed the following characterization of the AP:
X has the AP iff for every Banach space Y and every compact operator T from Y into
X there is a sequence (Tn) of finite rank operators from Y into X such that
‖Tn − T ‖ → 0.
For various results of the approximation property and other approximation properties
one may see Casazza [3], Lindenstrauss and Tzafriri [13]. Recently Choi and Kim [4]
introduced weak versions of the approximation property.
We say that X has the quasi approximation property (in short, QAP) if for every T ∈
K(X) there is a sequence (Tn) in F(X) such that ‖Tn − T ‖ → 0. Also we say that X has
the bounded weak approximation property (in short, BWAP) if for every T ∈ K(X), for
some λT > 0 there is a net (Tα) in F(X,λT ) such that Tα → T in (B(X), τ). Thus by the
characterization of the AP we have the following implication:
AP ⇒ QAP ⇒ BWAP.
It is well known that if X∗ has the AP, then X has the AP [13] and in [4] it was shown
that if X∗ has the BWAP, then X has the BWAP. For the QAP we have the following result.
Theorem 4.1. Let X be a Banach space such that X∗∗ is separable. If X∗ has the BWAP,
then X has the QAP.
Since the QAP implies the BWAP, we have the following corollary.
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then X has the QAP.
The proof of Theorem 4.1 is based on the following two lemmas and Theorem 1.8.
Lemma 4.3. [11] Let X be a Banach space. If Tn → T in (B(X), w∗o) , where (Tn) is a
sequence in K(X) and T ∈K(X), then there is a sequence (Sn) of convex combinations of
{Tn} such that ‖Sn − T ‖ → 0.
Lemma 4.4. [12] Let X be a Banach space. If X∗ has the BWAP, then for every T ∈K(X),
for some λT > 0 there is a net (Tα) in F(X,λT ) such that Tα → T in (B(X), w∗o) .
Proof of Theorem 4.1. Suppose that X∗ has the BWAP and let T ∈ K(X). Then by
Lemma 4.4 there is a λT > 0 such that T ∈F(X,λT )w∗o. Now Theorem 1.8 says that there
is a sequence (Tn) in F(X,λT ) such that Tn → T in (B(X), w∗o). Since F(X) ⊂ K(X),
Lemma 4.3 says that there is a sequence (Sn) in F(X) (moreover, F(X,λT )) such that
‖Sn − T ‖ → 0. Hence X has the QAP. 
Acknowledgments
I would like to thank Professor C. Choi and the referee for their helpful comments.
References
[1] L. Alaoglu, Weak topologies of normed linear spaces, Ann. of Math. (2) 41 (1940) 252–267.
[2] S. Banach, Théorie des opérations linéaires, Monografie Matematyczne, Warsaw, 1932.
[3] P.G. Casazza, Approximation properties, in: W.B. Johnson, J. Lindenstrauss (Eds.), Handbook of the Geom-
etry of Banach Spaces, vol. 1, Elsevier, Amsterdam, 2001, pp. 271–316.
[4] C. Choi, J.M. Kim, Weak and quasi approximation properties in Banach spaces, J. Math. Anal. Appl., in
press.
[5] M.M. Day, Normed Linear Spaces, Springer, Berlin, 1962.
[6] J. Diestel, Sequences and Series in Banach Spaces, Springer, New York, 1984.
[7] N. Dunford, J.T. Schwartz, Linear Operators, Part I, New York, 1958.
[8] W.F. Eberlein, Weak compactness in Banach spaces, Proc. Natl. Acad. Sci. USA 33 (1947) 51–53.
[9] A. Grothendieck, Produits tensoriels topologiques et espaces nucléaires, Mem. Amer. Math. Soc. 16 (1955)
1–140.
[10] R.C. James, Weakly compact sets, Trans. Amer. Math. Soc. 113 (1964) 129–140.
[11] N.J. Kalton, Spaces of compact operators, Math. Ann. 208 (1974) 267–278.
[12] J.M. Kim, Characterizations of bounded approximation properties, preprint (2005).
[13] J. Lindenstrauss, L. Tzafriri, Classical Banach Spaces I, Sequence Spaces, Springer, Berlin, 1977.
[14] R.E. Megginson, An Introduction to Banach Space Theory, Springer, New York, 1998.
[15] V.L. Šmulian, Über lineare topologische Räume, Mat. Sb. (N.S.) 7 (1940) 425–448.
